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Acylindrical Hyperbolicity of OutpWnq
Brendan Burns Healy
Abstract
We prove that the group of outer automorphisms of the free Coxeter group Wn
is acylindrically hyperbolic in the sense of Osin. As an application, we observe that
any CATp0q space admitting a geometric action by OutpWnq must contain a rank-one
geodesic. The theorem proceeds from expanding on a well-known relationship between
OutpWnq and the outer automorphism group of free groups.
1 Introduction
Coxeter groups, as abstractions of reflection groups, play a critical role in both clas-
sical geometry and Lie theory, and the the universal example, the free Coxeter group
Wn :“ ˚nZ{2Z, has long been studied by geometric group theorists, dating back more
than 20 years to [M97], for its importance to Coxeter systems. The free Coxeter group
contains an easy-to-see characteristic copy of Fn´1, which induces a close relationship
between the outer automorphisms of these groups, which we detail further in Section
3. The group OutpWnq has been studied by, among others, Gutierrez, Piggott, Ruane,
and Cunningham, [GPR12] and [Cun15], and is expected to inherit many of the prop-
erties enjoyed by OutpFn´1q, though with some key differences.
The notion of acylindrical hyperbolicity was introduced by Osin in 2013 to unify
various ideas introduced previously, such as weak proper discontinuity and weakly con-
tracting elements. In [Osi16], a short survey is provided of known examples of groups
which satisfy this property, including most mapping class groups and 3-manifold groups
which are not virtually polycyclic, as well as OutpFnq. Because of the relationship be-
tween this last example to OutpWnq, we might expect this group to enjoy this property.
Our main theorem is that this is true.
Theorem 4.2. OutpWnq is acylindrically hyperbolic, for n ě 4.
Bridson and Vogtmann proved OutpFnq is not CAT(0) by showing it has expo-
nential Dehn function [BV12]. The particular automorphisms used in Bridson–Vogt’s
proof are not in the image of the map ι : AutpWnq Ñ AutpFn´1q defined in the next
section, leaving the possibility open that OutpWnq is a CAT(0) group. However, piec-
ing together known results of Charney–Sultan and Sisto, we are able to derive strong
restrictions on the class of CAT(0) spaces which could potentially admit a geometric
OutpWnq-action.
Corollary 4.3 Suppose OutpWnq acts geometrically on X a CAT(0) space. Then X
contains a rank-one geodesic. In particular, OutpWnq cannot act geometrically on a
Euclidean building.
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2 OutpWnq
In this section we discuss the relation between OutpWnq and OutpFn´1q. The results
from here up to and including 2.4 are known and in the literature, but we provide some
proofs for convenience.
Throughout this work we will denote by Wn “ xwi | w
2
i y the free Coxeter group on
n letters and by G the subgroup of words of even length, which is generated by the
elements xi :“ w0wi for 1 ď i ď n´ 1. As we will momentarily show G is free on the
xi, we will often abusively denote this subgroup by Fn´1.
We will make repeated use of the following result.
Theorem 2.1. [GPR12] There is a decomposition
AutpWnq “ Aut
0pWnq ¸ Σn
where Aut0 is the group of partial conjugations and Σn is the full symmetric group on
n letters acting by permutation of the generators wi. Moreover, we get the following
split exact sequence, where the copy of Wn is the subgroup of inner automorphisms.
1ÑWn Ñ Aut
0pWnq Ñ Out
0pWnq Ñ 1
We prove the following here for completeness, due to its importance in the rest of
the article.
Lemma 2.2 ([M97]). Consider the subgroup G :“ xw0wi | i P t1, . . . n ´ 1uy of Wn.
Then G – Fn´1.
Proof. It is clear that none of the n ´ 1 generators are redundant. So we are reduced
to demonstrating there are no relations. We begin by noting that
pw1wiq
´1 “ wiw1
Next, note that cancellation can only happen in the form wiwi “ 1, as these are
the only relators in Wn. This is only the case if we have wiw1w1wj , in which case this
is equal to wiwj , which is irreducible and simply another expression for the element
xi´1xj´1, or w1wjwjw1, which translates to xj´1x
´1
j´1, i.e., a free reduction in Fn´1.
Lemma 2.3 ([PR10]). The subgroup G ăWn in 2.2 is characteristic.
Proof. Since AutpWnq is generated by permutations of generators and partial conju-
gations by Theorem 2.1, all automorphisms preserve parity of word length and hence
G.
As G is a characteristic subgroup , restriction of automorphisms to G induces a
map
ι : AutpWnq Ñ AutpFn´1q (1)
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Lemma 2.4. [M97] This map is injective for n ě 3.
Proof. Let φ lie in the kernel of ι, meaning it fixes each w1wi. We show φ fixes all wi.
Indeed, it is enough to show it fixes w1; as then it clearly fixes wi “ w1 ¨ w1wi as well.
Note each φpwiq must start and end with the same letter, because wi does and φ
is a composition of partial conjugations and permutations by Theorem 2.1. Write z
for a reduced word representing φpw1q. By assumption, φpw1wiq “ w1wi, so φpwiq “
Wnz
´1w1wi. As this word ends with wi, it must also begin with wi, meaning z ends
with wi. Now, if z did not end with w1, the word z
´1w1wi would already be reduced
and hence, impossibly, z would end with wi for each i, so z “ φpw1q begins and ends
with w1. It follows z
´1w1 is either 1 or also begins with w1. But z
´1w1wi begins with
wi, so indeed z
´1w1 “ 1, or φpw1q “ w1.
Because our goal is to say something about OutpWnq, we look at what happens to
elements of InnpWnq. While it is not quite true that they map into OutpFn´1q, we find
this is almost the case.
Lemma 2.5. Let r P AutpFnq be defined by rpxiq “ x
´1
i . Then
ιpInnpWnqq Ă InnpFn´1q ¸ tru.
Proof. For any element w P W write cw for conjugation by that element. We must
show the restriction of each cwi to Fn´1 can be written in terms of r and cxi .
• First, cw1pw1wjq “ wjw1 “ pw1wjq
´1 for all i, so ιpcw1q “ r.
• For i ą 1, note that since xj “ cw1
`
rpxjq
˘
we have
cwipxjq “ cwicw1rpxjq “ c
´1
xi´1
rpxjq.
Thus ι descends to a well-defined map ι¯ : OutpWnq Ñ OutpFn´1q{xxryy, where xxryy
denotes the normal closure of xry. This relationship is summarized in the following
commutative diagram.
AutpWnq AutpFn´1q
OutpFn´1q
OutpWnq OutpFn´1q{xxryy
ι
q¯
q
qr
ι¯
Figure 1: Diagramatic relations of the groups
We will show that in fact that the kernel of the restriction of qr to q
´1
r pim ι¯q is the
subgroup of order two generated by r.
3
Lemma 2.6. There is a containment rr, im ιs Ă InnpFn´1q.
Proof. It will be enough to show the containment on a set of generators of im ι because
of the general identity rr, abs “ rr, as ¨ arr, bsa´1 and because InnpFn´1q is normal in
AutpFn´1q. By Theorem 2.1, elements of Σn and partial conjugations will suffice. We
proceed by cases.
• The symmetric group is generated by transpositions σ “ pwiwjq.
– σ “ pwiwjq, i ‰ 1 ‰ j. Then it is easy to see ιpσq permutes xi´1, xj´1 and
that this map commutes with inverting every generator.
– σ “ pw1wiq. In this case, σpw1wjq “ wiwj “ wiw1w1wj for i ‰ j and
σpw1wiq “ wiw1. Then ιpσqpxjq “ x
´1
i´1xj for j ‰ i´1 and ιpσqpxi´1q “ x
´1
i´1.
This action commutes with r as well.
• φ “ φ´1 is a partial conjugation which takes wi ÞÑ wkwiwk and fixes other
generators. Once more there are subcases.
– k ‰ 1 ‰ i Then for i ‰ 1 ‰ j, φpwjq “ wiwjwi and φ fixes all other gener-
ators. Then ιpφq fixes all generators of Fn´1 except xj´1, and ιpφqpxj´1q “
xi´1x
´1
j´1xi´1. Note that φ is order two in the codomain, so ιpφq is also order
two. This is borne out by performing the calculation on the right hand side.
We see that rr, ιpφqspxiq “ xi for i ‰ j ´ 1.
– k “ 1. In this case, ιpφq inverts xi´1 and fixes the other free generators. This
automorphism commutes with inverting all generators.
– i “ 1, so φpw1q “ wiw1wi. Quick calculations show that ιpφqpxjq “ x
´2
i´1xj .
Then one can check that pιpφq ˝r ˝ ιpφq ˝rqpxjq “ x
x´2
i´1
j
Thus the class qprq of r in OutpFn´1q lies in the center of the subgroup impq ˝ ιq
and particularly is normal, so that xry “ xxryy X impι ˝ qq. More to the point, this
allows us to replace Figure 1 with Figure 2.
AutpWnq impιq AutpFn´1q
impι ˝ qq OutpFn´1q
OutpWnq impι ˝ qq{xry OutpFn´1q{xxryy
ι
q¯
q
qr
ι¯
Figure 2: Involution normality in the image
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3 Relationship to OutpFnq
Bestvina et al. prove in [BBF15] that OutpFnq is acylindrically hyperbolic by examin-
ing its action on the free factor complex, although it is unknown if this action is itself
acylindrical. Hyperbolicity of this complex is demonstrated in [BF14]. In this action
fully irreducible elements of OutpFnq act with weak proper discontinuity (WPD), which
tells us that they are generalized loxodromics (in an action on a different space). The-
orem H in [BBF15] constructs a new action on a space quasi-isometric to a tree, which
we will denote by Q, that satisfies the conditions required by acylindrical hyperbolicity,
in which these same fully irreducible elements act loxodromically. The fact that this
action is acylindrical is stated in the discussion after Theorem I [BBF15]. Furthermore
we are guaranteed, again by [BBF15] that all fully irreducible group elements act loxo-
dromically in this action on Q. In order to eventually demonstrate non-elementarity of
our action, we will need to find two fully irreducible elements in the image of our map
ι¯. Because these elements will live in the outer automorphisms modulo the reflection
group, if their preimages under qr are fully irreducible, they will represent loxodromic
isometries on the fixed point set of xry in Q, which we will hereafter label Qr.
We follow the lead of Gersten and Stallings to find such elements.
Lemma 3.1. [GS91] Let φ be an outer automorphism of Fn and let ¯phi be the asso-
ciated matrix which transforms the standard basis elements of Zn “ F abn . Then if the
characteristic polynomial for Mφ is irreducible over Q and the matrix itself is primitive
(meaning it hasnonnegative entries and some positive power has all postive entries),
the automorphism is irreducible with irreducble powers (fully irreducible).
The way we use this lemma is inspired by examples stated later in [GS91]. In
particular automorphisms with the following two pn ´ 1q ˆ pn ´ 1q matrices meet the
above criteria:
A “
»
—————–
0 1 0 ¨ ¨ ¨ 0
0 0 1 ¨ ¨ ¨ 0
...
...
...
. . .
...
0 0 0 ¨ ¨ ¨ 1
1 4 4 ¨ ¨ ¨ 4
fi
ffiffiffiffiffifl
, B “
»
—————–
0 1 0 ¨ ¨ ¨ 0
0 0 1 ¨ ¨ ¨ 0
...
...
...
. . .
...
0 0 0 ¨ ¨ ¨ 1
1 8 8 ¨ ¨ ¨ 8
fi
ffiffiffiffiffifl
.
The pn´1q power of these matrices will have all positive entries and elementary matrix
operations show
charpAq “ xn´1 ´ 4xn´2 ´ 4xn´3 ´ ¨ ¨ ¨ ´ 4x´ 1,
charpBq “ xn´1 ´ 8xn´2 ´ 8xn´3 ´ ¨ ¨ ¨ ´ 8x´ 1,
which have no rational roots. It is easy to check A and B do not commute and do not
share any common positive powers, so automorphisms giving rise to them also cannot
commute or have common positive powers.
Lemma 3.2. The image of the map
ι¯ : OutpWnq ãÑ OutpFn´1q{xxryy
contains atleast two elements which factor through outer automorphisms that are fully
irreducible and whose actions on the free factor complex do not share both endpoints.
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Proof. We will define two automorphisms whose induced matrices are A and B as
above.
From the proof of Lemma 2.6 we see there is an element of im ι Ă AutpFn´1q
inverting any one xi and fixing the other xj, and another element taking xi ÞÑ xkx
´1
i xk
and fixing the other xj . Composing these yields an element ci,k of im ι sending xi ÞÑ
xkxixk and fixing the other xj . Also the subgroup of Σn ă AutpWnq fixing w
1 “ wn
descends to the action of the subgroup Σn´1 of AutpFn´1q permuting the generators
xi. Then the matrices corresponding to the compositions
φA “ c
2
1,n´1 ˝ ¨ ¨ ¨ c
2
1,3 ˝ c
2
1,2 ˝ p1 2 ¨ ¨ ¨ n´ 1q,
φB “ c
4
1,n´1 ˝ ¨ ¨ ¨ c
4
1,3 ˝ c
4
1,2 ˝ p1 2 ¨ ¨ ¨ n´ 1q,
are respectively A and B.
Now, we would like to show that these two automorphisms do not share both limit
points (indicating that together, they make up strictly more than 2 limit points for
the action). We note that if they did share endpoints, then φB P EpφAq in the sense
of [Osi16], by Lemma 6.5 in [DGO17]. This is because the axis for one would be
moved a finite Hausdorff distance away by the action of the other element. This is a
contradiction, because φB is infinite order and does not share a power with φA, yet
EpφAq must be virtually cyclic.
4 Acylindrical Hyperbolicity
We review what it means for a group action to be acylindrical, in order to show this
for our constructed action.
Definition 4.1. An metric space action G ñ S is called acylindrical if for every ǫ ą 0
there exist Rpǫq, Npǫq ą 0 such that for any two points x, y P S such that dpx, yq ě R,
the set
tg P G | dpx, g.xq ď ǫ, dpy, g.yq ď ǫu
has cardinality less than N .
Theorem 4.2. OutpWnq is acylindrically hyperbolic, for n ě 4.
Proof. We will abuse notation throughout this proof, letting r represent both the
automorphism in AutpFn´1q and its image under the map q.
The first thing we will do is make a slight modification to Q. Unlike in uniquely
geodesic spaces such as CATp0q spaces, fixed point sets in arbitrary hyperbolic spaces
aren’t as nice as we like, so we will add in a little extra structure. Let δ represent the
constant of hyperbolicity for Q
Define Qˆ :“ QY E, where E consists of combinatorial edges of length 4δ between
any two points which are at distance at most 4δ in Q. We note that these two spaces
are quasi-isometric by noting that Q embeds into Qˆ in the natural way such that
distances are not changed, and the embedding is 2δ quasi-onto. The group OutpFn´1q
will act on Qˆ in the natural way on the embedded copy Q and permute the edges in
E according to their endpoints.
There is a restricted impι ˝ qq-action on Qˆ, and as r acts trivially, by definition, on
the fixed point set Qˆr of xry, so this descends to an action of impι ˝ qq{xry and hence
an action of OutpWnq.
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In order to show that this action on Qˆr satisfies acylindrical hyperbolicity, we must
show three things:
1. Qˆr is hyperbolic.
2. This action is non-elementary.
3. This action satisfies acylindricity.
For the first task we recall that hyperbolicity is a quasi-isometry invariant, so we
know that Qˆ is hyperbolic. We claim that Qˆr is quasi-convex in Qˆ, making it also
hyperbolic by [BH99] H.1.9. To show quasi-convexity, let f0, f1 be in Qˆ
r such that a
geodesic between them leaves Qˆr. If such points don’t exist, our subspace is directly
convex. Otherwise, label x0, x1 the points (possibly the same as fi) such that the
chosen geodesic first leaves then re-enters Qˆr. Let λ “ rx0, x1s, which by assumption
only intersects Qˆr in the endpoints. If we take r.λ, we obtain another, distinct geodesic
between x0, x1. Take any point xi on this segment. By the closeness of geodesics with
the same endpoints in a hyperbolic space, the distance between xi and r.xi is bounded
by 4δ [BH99]. Therefore there is a combinatorial edge between them of length 4δ.
Because r is order 2, it acts by inversion on this edge, and therefore fixes its midpoint.
This means that every point on this geodesic is within distance at most 2δ of a fixed
point. So this (and any) geodesic between points in Qˆr lies in a 2δ-neighborhood of
Qˆr. This means Qˆr is 2δ quasiconvex and therefore hyperbolic.
Non-elementarity is assured by Lemma 3.2.
For acylindricity we begin by letting Rpǫq, Npǫq be constants depending on ǫ that
demonstrate the acylindricity of the action OutpFn´1qœQ. These same constants will
work to demonstrate acylindricity of impι ˝ qq because the relevant set of elements will
be a subset of the one we consider in the supergroup. Our claim is that these same
constants will once again work for impι ˝ qq{xry. We proceed by contradiction. Let
ǫ ą 0, and Rpǫq as above. Then suppose
|tφ P impι ˝ qq{xry|dpx, φ.xq ď ε, dpy, φ.yq ď εu| ě N.
Now consider the set of pre-images tq´1r pφqu of these elements. Because qr is sur-
jective, this set has no fewer elements than the original. Furthermore, because our
quotient is by xry, which acts trivially on Qr, these elements also have the same in-
duced action. Therefore, this violates the assumption that there are fewer than Npǫq
elements in impι ˝ qq that satisfy this property. Finally, adding these combinatorial
edges to Qr does not change the property of acylindrical hyperbolicity; it slightly
modifies the constants. This is because it does not change the distance of points in
Q, and elements moving the new combinatorial edges close to themselves must bring
those endpoints, which belong to Q, close to themselves. Specifically, for x, y P Qˆ with
distance dpx, yq ě R , the set
tg P G|dpx, g.xq ď ǫ, dpy, g.yq ď ǫu
is contained in the set, for x, y P Q with dpx, yq ě Rpǫ` 2δq,
tg P G|dpx, g.xq ď ǫ` 2δ, dpy, g.yq ď ǫ` 2δu
which is finite by assumption. Put another way, we are replacing are setting the N for
a given epsilon in our new action to be equal to Npǫ` 2δq guaranteed by the action of
OutpFn´1q. In short, our new constants N
1, R1 will be N 1pǫq “ Npǫ` 2δq, R1 “ R.
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Corollary 4.3. Suppose OutpWnq acts geometrically on X a CAT(0) space. Then X
contains a rank-one geodesic. In particular, OutpWnq cannot act geometrically on a
Euclidean building or symmetric space.
This follows from Theorem 4.1 and the observation made in the appendix below.
A CATp0q vs. Acylindrically Hyperbolic
Here we make an observation following from existing work, that we find useful to note.
Fact A.1 (Charney-Sultan, Sisto). Let G be a group, which is not virtually cyclic,
acting geometrically on a CAT(0) space X. Then G is acylindrically hyperbolic if and
only if it contains an element g which acts as a rank-one isometry on X. Furthermore,
the set of generalized loxodromics is precisely the set of rank-one elements.
Proof. (ð) This follows from Theorem 5.4 in [BF09], where it is stated that a geodesic
in a CAT(0) space is contracting exactly when it fails to bound a half-flat, meaning
rank-one geodesics are contracting. Next, contracting elements are also weakly con-
tracting in the sense of [Sis18]. Sisto goes on to prove [Sis18, Theorem 1.6] that such
an element is contained in a virtually cyclic subgroup, labelled Epgq, which is hyper-
bolically embedded in the group. This is one of four equivalent conditions for being a
generalized loxodromic, as per [Osi16, Theorem 1.4].
(ñ) If G is acylindrically hyperbolic, then it contains at least one generalized
loxodromic. Indeed, by assumption G admits an action on a hyperbolic space under
which no element acts parabolically, so by non-elementarity of the action, at least one
element must act loxodromically. Call this element g. We know by a result of Sisto
that g is Morse in G [Sis16]. But an equivalence in the setting of CAT(0) groups proved
in [CS15] states that a (quasi-)geodesic in a CAT(0) space is contracting if and only
if it is Morse and if and only if it is of rank one. As our action is geometric, as our
element G is Morse, its axes are as well, so g acts as a rank-one isometry.
One reason for noting this equivalence is it allows us to recast traditionally geometric
CAT(0) statements in terms of acylindrical hyperbolicity. For example, using Fact A.1
one can restate of Ballman and Buyalo’s rank rigidity conjecture as follows:
Conjecture. Rank Rigidity [BB08]
Let X be a locally compact geodesically complete CAT(0) space and G a discrete group
acting geometrically on X. If X is irreducible, then either
• X is a Euclidean building or higher rank symmetric space
or
• G is acylindrically hyperbolic.
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